Recently Kamiyama, Katoh, and Takizawa have shown a theorem on packing arc-disjoint arborescences that is a proper extension of Edmonds' theorem on disjoint spanning branchings. We show a further extension of their theorem, which makes clear an essential rôle of a reachability condition played in the theorem. The right concept required for the further extension is "convexity" instead of "reachability."
Introduction: a theorem of Kamiyama, Katoh, and Takizawa
Recently Kamiyama, Katoh, and Takizawa [3] have shown a theorem (KKT theorem for short in the sequel) on packing arc-disjoint arborescences that is a proper extension of Edmonds' theorem [2] on disjoint spanning branchings, which is described as follows.
(The precise definitions of terms used here will be given later.) Let G = (V, A) be a directed graph with a vertex set V and an arc set A. For any vertex v ∈ V we denote by R + G (v) the set of vertices reachable from v by directed paths in G. Given roots r i (i ∈ I), KKT theorem gives a characterization of the existence of a set of arc-disjoint arborescences H i (i ∈ I) such that for each i ∈ I arborescence H i has a root r i and exactly spans R + G (r i ). In this note we show a further extension of KKT theorem, which makes clear an essential rôle played by a reachability condition in the theorem. The right concept required for the further extension is "convexity" instead of "reachability."
For more information about disjoint arborescences, their extensions, and related topics see [4, Part V] and [1] .
An extension of KKT theorem
Let G = (V, A) be a directed graph with a vertex set V and an arc set A. Each arc a ∈ A has a tail denoted by ∂ 
e., for every directed (possibly closed) path P from a vertex in W to a vertex in W all the intermediate vertices of P also lie in W . The concept of convexity plays an essential rôle in our result, which replaces the rôle of reachability from roots in KKT theorem [3] . It should be noted that for any convex set U in G and the vertex set W of any strongly connected component of
Suppose that we are given a finite index set I and, for each i ∈ I, a specified vertex r i ∈ V . Here we may allow r i = r j for some distinct i, j ∈ I. For each i ∈ I we are also given a convex set
We assume that I(v) = ∅ for all v ∈ V . Now we are ready to state our main theorem, which is an extension of KKT theorem. It should be noted that replacing U i by R + G (r i ) for all i ∈ I in our theorem yields KKT theorem. Our proof employs KKT theorem recursively. For any vertex subset Z ⊆ V denote by G[Z] the subgraph of G induced by Z.
Theorem 2.1:
The following two statements are equivalent. 
Because of the convexity of U i (i ∈ I), definitions (2.3)-(2.5), and assumption (b) we can show the following two facts.
Fact 1: For each i ∈ I(W ) U i (W )
is exactly the set of vertices that can be reached from r i by directed paths inĜ, i.e., R
Fact 2: For any v ∈ V (W ) and any directed path P in G from r i (i ∈ I(W )) to v all the intermediate vertices of P lie in U i (W ).
It follows from these two facts that assumption (b) (appropriately modified) also holds for graphĜ with index set I(W ) and convex (reachable) sets R
. More precisely, the following (*) holds.
such that for each i ∈ I(v) ∩ I(W ) path P i is from r i to v inĜ. 
Hence from KKT theorem there exist arc-disjoint arborescencesĤ
where G \ W is the graph obtained by removing from G the vertices of W and the arcs incident to W . Note that if G\W has desired arc-disjoint arborescences
are desired ones for G. It should also be noted that U i \ W (i ∈ I) are convex sets in the original graph G and hence in the new G as well. Since U i \ W (i ∈ I) are convex sets in the original graph G, directed paths within U i \ W in the original G are also directed path in the new G. Hence assumption (b) also holds for the new G, I, U i (i ∈ I), and r i (i ∈ I).
Repeat this process until G becomes empty. Let W 1 , · · · , W k be the sequence of W s chosen in the repeated above-mentioned process.
Define for each i ∈ I Note that the proof given above leads us to a polynomial algorithm for finding arcdisjoint arborescences that span specified convex sets with roots by using the algorithm in [3] .
We can also show the following. Define
Theorem 2.2:
The following two statements are equivalent to (a) (and (b)) in Theorem 2.1. (d) There exist spanning trees It should be noted that because of (d) in Theorem 2.2 a problem of finding minimumweight arc-disjoint arborescences that span given convex sets with roots can be solved in polynomial time.
